g-DEFORMATION OF WITT-BURNSIDE RINGS 

YOUNG- TAK OH 



Abstract. In this paper, we construct a g-deformation of the Witt-Burnside 
ring of a profinitc group over a commutative ring, where q ranges over the set 
of integers. When g = 1, it coincides with the Witt-Burnside ring introduced 
by A. Dress and C. Siebeneicher (Adv. Math. 70 (1988), 87-132). To achieve 
our goal we first show that there exists a g-deformation of the necklace ring 
of a profinite group over a commutative ring. As in the classical case, i.e., the 
case q = I, (/-deformed Witt-Burnside rings and necklace rings always come 
equipped with inductions and restrictions. We also study their properties. As 
a byproduct, we prove a conjecture due to Lenart (J. Algebra. 199 (1998), 
703-732). Finally, we classify up to strict natural isomorphism in case 
where G is an abelian profinite group. 



The universal ring of Witt vectors was introduced by Witt and Lang around 
1965. In [10], they discovered that there exists a unique covariant functor W on 
the category of commutative rings with identity characterized by the foUowing 
properties: 

(1) As a set, it is A^. 

(2) For any ring homomorphism f : A ^ B, the map W(/) : a ^ (/(a„))„>i 
is a ring homomorphism for a ~ ■ 



arc ring homomorphisms ([2, 8, 10]) 

Here, W(y4.) is caUed the universal ring of Witt vectors over A. 

The theory of Witt vectors has been developed with deep connection with neck- 
lace rings, which are algebraic objects arising from the combinatorics of necklaces. 
To be more precise, in [12], Metropolis and Rota introduced a covariant functor Nr 
on the category of commutative rings with identity. In this case, Nr{A) is called 
the necklace ring over A. They then showed that 



To do this they studied the combinatorics of necklaces extensively and described 
Witt vectors in terms of strings, which arc infinite matrices satisfying suitable 
conditions. 
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1. Introduction 
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W(Z) = iVr(Z). 
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On the other hand, m [7], Dress and Siebcncicher observed that Nr{'L) is nat- 
uraUy isomorphic to the Burnside-Grothendieck ring fi(C) of isomorphism classes 
of almost finite cyclic sets. Here, C denotes the multiplicative infinite cyclic group. 
Motivated by this fact, they found that given any profinite group, say G, there 
exists a unique covariant functor Wg on the category of commutative rings with 
identity, satisfying 

i) Wg(Z) ^ VL{G) and ii) = W. 

Here, Cl{G) denotes the Burnside-Grothendieck ring of G of isomorphism classes of 
almost finite G-spaces, and G the profinite completion of G. In this case, Wg(^) 
is called the Witt-Burnside ring of G over A. 

Recently, in [13, 16], it was shown that given any profinite group G, there exists 
a unique covariant functor Nrc from the category of special A-rings to the category 
of commutative rings with identity, satisfying 

where A is any special A-ring. Obviously, Nr^j is not equivalent to Nr since domains 
are different. This led us to introduce NrQ, which is a unique covariant functor on 
the category of commutative rings with identity, satisfying 

i) NraiZ) ^ 0(G) and ii) Nr^, = Nr. 

In view of ii), Nrc may be regarded as a group-theoretic generalization of Nr. 
Furthermore, viewed as a functor from the category of binomial rings to the category 
of commutative rings with identity, Nro and Nro turn out to be same ([15, 16]). 

The theory of Witt vectors arises in the context of formal group laws, too ([8]). 
It is well-known that for every one-dimensional formal group law F(X, Y) over a 
torsion- free ring B, there exists a unique covariant functor from the category 
of B-algebras to the category of abelian groups. Related to this functor, it is quite 
surprising that if F{X, Y) is given hy X + Y — qXY, g £ Z, then the value of W''^, 
usually denoted by W, at each object has the structure of a commutative ring. 
This phenomenon was first observed by Lenart ([11]) for commutative torsion- free 
rings with identity. Later, in [15], it was shown that his observation makes sense for 
arbitrary commutative rings. Consequently, one can derive a covariant functor W 
from the category of commutative rings to itself in this case. In particular, if q ~ 1, 
then it coincides with W. In this sense, we may regard W as a g-dcformation of 
W. 

Since W = W^, it would be quite natural to expect that the same phenomenon 
also happens to the functor Wg for arbitrary profinite groups. Recall that the key 
ingredient in proving the existence of Wg is that the polynomials determining the 
ring structure of Wg(Z) have integer coefficients. These polynomials were utilized 
to endow Wg(^) with the ring structure for arbitrary commutative rings with 
identity. In contrast, the polynomials arising from the construction of Wq, the 
g-deformation of Wg , are in Q [q] . The most significant and difficult step in our 
construction will be to show that these polynomials take integer values for integer 
arguments. To do this we first introduce NrQ, the g-deformation of Nrc, and then 
define g-inductions and g-restrictions. Exploiting g-inductions and g-rcstrictions, 
we construct an isomorphism, called g-Teichmiiller map. With this preparation, we 
finally show that Dress and Siebeneicher's proof can be applied to our case. 
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This paper is organized as follows. In Section 2, we introduce the functors Wg, 
NrQ and Ntq. In Section 3, we introduce orbit-sum polynomials associated with 
a profinite group, which play the same role as necklace polynomials in the theory 
of Witt vectors. In Section 4, Nt'q and Ntq will be defined as q ranges over the 
set of integers, and in Section 5, natural transformations called g-induction and 
g-rcstriction will be defined. Main results will appear in Section 6. Wq will be 
defined as q ranges over the set of integers, and many structural properties will be 
investigated. Section 7 is devoted to proving lemmas and theorems which are stated 
without proof. In particular, we prove a conjecture due to Lenart([ll]) concerning 
g-restriction and g-necklace polynomials. In the final section, we show that is 
classified up to strict natural isomorphism by DP''((7) n W{G) as q ranges over the 
set of integers. Here, DP''(q) denotes the set of prime divisors of q, and DP''(G) the 
set of prime divisors of each of 

{(G : [/) I [/ is an open subgroup of G}. 
2. The Witt- Burnside ring and the necklace ring of a profinite 

GROUP 

In this section, we review prerequisites on the Witt- Burnside ring and the neck- 
lace ring of a profinite group. For more information see [13, 16]. Unless otherwise 
stated, the rings we consider will be commutative, but not necessarily unital. 

Let G be an arbitrary profinite group. For any G-space X and any subgroup U 
of G define ifu{X) to be the cardinality of the set oi [/-invariant elements of X 
and let G/U denote the G-space of left cosets of U in G. For two subgroups [/, V 
of G, we say that U is subconjugate to F if C/ is a subgroup of some conjugates of 
V. This is a partial order on the set of the conjugacy classes of open subgroups of 
G, and will be denoted by \V] < \U]. Fix an enumeration of this poset satisfying 
the condition: 

If[V] ^ [U], then [V] precedes [U]. 
By abuse of notation we denote this poset by 0{G). For example, if G is abelian*, 
then 0{G) is just the set of open subgroups of G subject to 

V cv. 



Given a commutative ring A and a profinite group G, we define the ghost ring 
of G over A, denoted by Gh(G, A), to be the commutative ring 

\ »eO(G) / 

whose addition and multiplication arc defined componentwise. 

Definition 2.1. ([6]) Given a profinite group G, Wg is a unique covariant func- 
tor from the category of commutative rings with identity to itself characterized as 
follows. 

(1) As a set 

Wg(A) = ^°(^). 



* In case whore G is abelian, we omit the bracket notation. 
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(2) For every ring homomorphism f : A B and every x G Wg(^) one has 

Wg(/)(x) =/ox. 

(3) The map, 

$ : Wg{A) ^ Gh(G, A), I ^ V?c/(G/F) • x([F])(^^^' 

V[G]:<[\/]^[c/] / [u]eo{G) 

is a ring homomorphism. Here, {V : U) represents (G : U)/{G : V). 
In this case, WciA) is called the Witt-Burnside ring of G over A. 

Example 2.2. 

(a) If G = C, the profinite completion of the multiplicative infinite cyclic group 
G, then the conjugacy classes of open subgroups are parametrized naturally by their 
index in G. Thus, Wg coincides with W, the functor of the ring of Witt vectors 
due to Witt and Lang ([5, 8]). 

(b) If G = Gp, the pro-p-completion of the infinite cyclic group, then Wg co- 
incides with Wp, the functor of the ring of p- typical Witt vectors due to Witt 
([8, 17]). 

(c) For a positive integer n we denote by n the set of divisors of n. If G is the 
finite cyclic group of order n, then Wg coincides with the functor of the ring of 
n-nested Witt vectors ([2]). 

Let us introduce a functor which is naturally equivalent to Wg on a category 
of special A-rings. References for special A-rings are [1, 9, 13, 15, 16]. Define a 
C(G) X 0{G) matrix Cg by 

^^(G/iy)*^^"^) if [W] r< [V], 
otherwise. 



Here, the notation represents the (M^:y)-th Adams operation. 

Definition 2.3. ([15, 16]) Given a profinite group G, NrQ is a unique covariant 
functor from the category of special X-rings to the category of commutative rings 
with identity characterized as follows. 

(1) As a set 

(2) For every special X-ring homomorphism f : A —t B and every a € NrdA) 
one has 

NraifKa) = f o a. 

(3) The map, 

^■.NrGiA)~^Gh{G,A), x^fex, 

is a ring homomorphism. Here, we understand x. as a 1 x 0{G) column 
vector. 

While the addition in NrQ[A) is defined componentwise, the multiplication in 
Nrc{A) is somewhat complicated. Given x, y G NrciA) and \U] G 0{G), the 
[?7]-th component of x ■ y is given by 

E ^(^^^(»'^'^»(x([l/]))v&(^'^^(f'^'^»(y([W^])), (2.1) 
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where Z{g, V, W) denotes V n gWg^^. 

Example 2.4. If G is abelian, Eq. (2.1) is reduced to the foUowing simple form 

^ J2 {G -.v + w)^^^--^^\ji{v))-^'^^--^Hy{w)). 

v,wgO(G) vnw=u 
In particular, if G = C, then 

x-yW= J2 (*,j)*^^^(x(d))*^(y(d)). 

[i,j]=n 

Here, represents the least common multiple and the greatest common 

divisor of i and j. 

Theorem 2.5. ([16]) Viewed as a functor from the category of special X-rings to the 
category of commutative rings with identity, Wg is naturally isomorphic to Nrc ■ 

Remark 2.6. A commutative ring A with identity may have two different special 
A-ring structures. Each of them will produce two different commutative rings, say 
NrG,i{A) and NrG,2{A). However, Theorem 2.5 says that they are isomorphic. 

Define a 0(G) x 0(G) matrix Cg^ by 

CGm,m) = ^viG/w) 

for aU [V], [W] e 0{G). With this notation, we have 

Definition 2.7. ([15]) Given a profinite group G, Ntq is a unique covariant func- 
tor from the category of commutative rings with identity to itself characterized as 
follows. 

(1) As a set 

iVrG(A) = A'^(«). 

(2) For every ring homomorphism f : A B and every a S NrQ{A) one has 

NraifKa) ^ f o a. 

(3) The map, 

^■.NrG{A)^Gh{G,A), xk^Cgx, 

is a ring homomorphism. Here, we understand x as a 1 x 0{G) column 
vector. 

Note that Nrd'Z) is isomorphic to the Burnside-Grothendieck ring of almost 
finite G-spaces. The addition in NrG{A) is defined componentwise. On the other 
hand, the multiplication is defined as follows: Given x, y G NrciA) and [U] G 
0(G), 

x-y([t/])- E ^m)y{[W]). (2.2) 



t In the literature this matrix is called the Burnside matrix of G. 
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Example 2.8. If G is abelian, Eq. (2.2) is reduced to 

E {G:V + W)^{V)y{W). 
y,weO(G) vnw=u 

In particular, if G = C, then 

x•y(?^)= Y {h3)y^{d)Y{d), n > 1. 

[i,3\=n 

Indeed, Nr^j was first introduced by Metropolis and Rota in order to describe Witt 
vectors ([12]). 

Recall that a special A-ring in which 5*" = id for all ?i > 1 is called a binomial 
ring. The reason why binomial rings are important is that if ^ is a binomial ring, 
then NrciA) coincides with NrdA). This follows from Eq. (2.1) and Eq. (2.2) 
immediately. Thus, viewed as a functor from the category of binomial rings to the 
category of commutative rings with identity, NrQ and Ntq will denote the same 
functor. Consequently we can conclude that 

(1) Ntg = Wg as a functor on the category of special A-rings, and 

(2) Nrc = NrQ as a fimctor on the category of binomial rings. 

Remark 2.9. * Since we have necklace ring functors for both commutative rings 
with identity and special A-rings, it would be quite natural to expect Witt-Burnside 
ring functors for both commutative rings with identity and special A-rings, which 
has not, to the author's knowledge, been known yet. So, it seems quite challenging 
to construct a functor, say Wg, satisfying 

(1) Wg = Nrc on the category of special A-rings, and 

(2) Wg = Wg on the category of binomial rings. 

3. Orbit-sum polynomials associated with profinite groups 

Let G be a profinite group and X be an alphabet, that is, a set of commuting 
variables {xi, X2^ ■ ■ • , x^}- Let us consider a discrete G-space (with respect to the 
discrete topology) 

Z/gZ X X {(c, x):c<E TLjqL, x G X} 

with trivial G-action. Denote by CiG.TLjqL x X) the set of all continuous maps 
from G to (Z/qZ x X). It is well known that this set becomes a G-space with regard 
to the compact-open topology via the following standard G-action 

(.9-/)(a) = /(.9~^ -a) foraUa,5GG 

(refer to [6]). For every open subgroup V of G, the set of y-invariant elements in 
C{G,1/q1 X X) coincides with 

Homy(G,Z/9Z X X), 

the set of continuous F-maps from G to (Z/gZ x X). If / G Homy (G, Z/gZ x X), 
then it is contained in an orbit isomorphic to G/W for some W to which V is 
subconjugate. On the other hand, {TLjqL x X) becomes a 'L/q'L-sei via the action 



* The author is indebted to the referee for Remark 2.9. 



q-DEFORMATION OF WITT-BURNSIDE RINGS 



7 



on the first component. Then CiG^TLjqL x X) also becomes a li/qL-set via the 
action 

(c • f){x) = (c • (tti o f){x), {tt2 o /)(x)), (c e Z/gZ, X e G). 

Here, iTi, {i ~ 1,2), represents the projection to the i-th component. With regard 
to Z/qZ- action we denote by 

C(G,Z/qZ X X)/ - 

the set of the equivalence classes of all continuous maps from G to (Z/qZ x X). In 
the natural way it becomes a G-set. Decompose C{G,Z/q'Z x X)/ ~ into disjoint 
G-orbits and then consider its disjoint union, say, 

[jGh. (3.1) 

h 

Here, h runs through a system of representatives of this decomposition. Let Gh be 
the isotropy subgroup of h. Write 

G = U GhW,, 

l<l<{G:Gh) 

where {wi : 1 < i < {G : Gh)} is a fixed set of right coset representatives. With 
the above notation, we define [h] by the polynomial in xi,X2, ■ ■ ■ , Xm given by 

(G-.Gh) 

Y[ {tt2 ° h){wi). 

1=1 

It is not difficult to show that it is well defined, that is, it does not depend on the 
choice of coset representatives. 

Definition 3.1. Let h G Homy(G,Z/gZ x X)/ ~ and W be an open subgroup of 
G. We say that h has a period W if 

(1) Gh C W, 

(2) There exists an element hw G Homvi'(G, Z/qZxX)/ ~ and Sj G Z/gZ, 1 < 
j < {W : Gh), such that 

h{tjWi) = Sj ■ hw{wi) 

forl<i<{G:W), I < j < [W : Gh). Here, {w, : 1 < i < (G : W)} is a 
set of right-coset representatives of W in G and {tj '■!<]< [W : Gh)} o. 
set of right-coset representatives of Gh in W. 

If h has a period Gh, then it is called aperiodic. 

Definition 3.2. Let q be any positive integer and G be a profinite group. 

(a) Given an open subgroup V of G, we define Mq{X,V), called the orbit-sum 
polynomial of V , by the polynomial in xi, X2, ■ • • , Xm given by 

h 

Here, h ranges over the set of aperiodic representatives in the decomposition (3.1) 
such that Gh is isomorphic to G/V. 
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(b) Let f e Honiy(G,Z/gZ x X)/ Then the weight of f over V, denoted by 
wty(/), is defined by 

(G:V) 

n (^20 /)(«,). 
1=1 

Here, Vi's range over a set of right- coset representatives of V in G. 

Define ^P" , the n-ih Adams operation, on Q [a;^ : 1 < i < m] as follows: 
^'"(xj) =x^, I <i <m, n>l 

*"(c) = c, c e Q. 

The following lemma illustrates an intrinsic relation between orbit-sum polynomials 
and weights of functions. 

Lemma 3.3. Let q be any positive integer and V be an open subgroup of G. Then 
the following identity holds. 

/6Homv(G.Z/gZxX)/~ [IVJ^IV] 

(3.2) 

Proof. Decompose C{G,lj/q'L x X)/ ^ into disjoint G-orbits and consider its 
union, say, 

[jGh. 

h 

Observe that V-invariant maps exist only in the orbits such that Gh are isomorphic 
to G/W for some W to which V is subconjugate. For each aperiodic function h 
such that Gh is isomorphic to G/W , note that there exist g'^-^^~^-number of maps 
with period h in Homy(G,Z/gZ x X)/ On the other hand, every element in 
Hom\/(G,Z/gZ x X)/ ^ arises in this way. Since the number of all T^-invariant 
elements in the orbit Gh is given by ipv{G/W) by definition and 

wty(/) = [/](^^^) 

for all F-invariant functions / G Gh, the desired result follows. □ 
Example 3.4. Note that 

J2 wty(/) = + . . . + X,„)(«^^). (3.3) 

/GHomv(G,Z/(jZxX)/~ 

Thus, if G = G and V = G" (a unique open subgroup of G of index n), then Eq. 
(3.2) is reduced to 

From now on, we let q be an indeterminate. Let us define a 0{G) x 0{G) matrix 
Cg by 

otherwise. 
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We also define a 0(G) x 0(0) matrix Cg by 

<S([>'l.|W'l)4''^'°'"'"'"'"'" (3.5) 
1 otherwise. 

From the fact that (fv{G/W) = unless [W] < [V] it follows that is a lower- 
triangular matrix with the diagonal elements {Ng{V) : V) ■ Id, the index of V in 
its normalizer Ng{V) in G, for [V] € 0(G). Therefore, C,q is invertible over a ring 
A with identity if and only if {Ng{V) : V) ■ I \s a. unit in A for all [V] £ ©(G). 
Assume that the base ring is Q[(?]. Let /i^ (resp. //q) be the inverse of C,g (resp. 
Cq). Let us investigate how to compute the inverse of /ig, and /x^. First, we let 
0{G, U) be the subset of 0{G) consisting of the elements satisfying the condition 
[V"] =< [U\. Set 

where (resp. ^) is the matrix obtained from (rcsp. C^) by restricting 
the index to 0{G, U). It is not difficult to show that for all [V] £ 0{G) 



Similarly, one can show that 

^^Gm,[w]) = 



f^lvmdW]) if[W]eOiG,V), 
otherwise. 



fiG.vm,[W]) if[W]eO{G,V), 
otherwise. 



The next lemma shows the relation between fl^ and fi^. 

Lemma 3.5. For every [W], [V] G 0{G) satisfying [W] ^ [V], we have 

Proof. Consider the following linear system 

y = Cg.v X 

for X, y G ni£0(G v) ^i^i : 1 < i < m]. This linear system can be rewritten as 

y Cg,v X, 

where 

y{[W]) = ^^^'-^HyilW])) for all [W] G 0{G,V). 
Thus, we have the following equation: 

X = MG,v'y = A^G.^y- 
Computing the [y]-th component from each side, we obtain 

~^%yi[V],[W])yi[W]) = ^^lvmAW])^^'^■■''Hy{[W])). 

[W]£0{G,V) [W]eOiG,V) 



This implies 

So we are done. □ 
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Theorem 3.6. Let X = {xi, ■ ■ ■ ^Xm} he an alphabet and q be an indeterminate. 
Then, for a profinite group G and an open subgroup V of G, we have 

MUX,V)= J2 M?,([^],[l^])'z('=^^)-^(xr''^ + •••+. -r^^)^^^^^ (3.6) 
[wuiv] 

Proof. Recall that 

^ wtv(/)=g(«^^)-i(xi + ... + x™)(«^^) 

/GHomi^(G,Z/qZxX)/~ 

(see Eq. (3.3)). From Lemma 3.3 it follows that 





( ■ ^ 




1 : 
















\ ) 









Taking [Iq on both sides and then applying Lemma 3.5 one can deduce the desired 
result. □ 

Specializing Xi into 1 for all 1 < i < m, Eq. (3.6) is reduced to 

iwuiv] 

which represents the number of aperiodic representatives h such that Gh is isomor- 
phic to G/V, in the decomposition (3.1). Replacing m by an indeterminate x, we 
can obtain a polynomial in x and q, denoted by Mq(x, V). 

Lemma 3.7. Suppose that a polynomial f{x) £ Q[x] takes integer values for all 
positive integers. Then it takes integer values for all integers. 

Proof. Reducing to a common denominator we can write f{x) = for some 
g{x) G Z[x] and c S N. Suppose the assertion is false, then there must exist the 
largest integer ttiq such that c does not divide g(mo). Then c divides g{mQ + c) 
by the maximal condition of mo. But, since g{x + c) = g{x) + c • h{x) for some 
h{x) G Z[a;], c\g{mQ + c) implies that c\g{mQ). This is a contradiction. □ 

Lemma 3.7 says that Mq{x, V) is a numerical polynomial in q and x, that is, it 
takes integer values for all positive integers q and x. 

Remark 3.8. The orbit-sum polynomial Mq{X, V) is a symmetric polynomial in 
ccj's. Hence, it can be written as a polynomial with integral coefficients in the 
elementary symmetric functions ei{xi,--- ,a;,„), 1 < i < m. On the other hand, 
all the coefficients are contained in Q[q]. So, we can conclude that all of them are 
numerical polynomials in q. 

In case where G is abelian, we often prefer to using the matrix instead of (^q, 
which is defined by 

Let /Iq be the inverse of Cq. Then it is easy to show that 



{W:V)-l^,{W:V) 



if V C W^, 
otherwise. 



1 

(gTvo 
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Similarly, if we define Cq by 



q{W:V)-l ifVCW, 

otherwise 



and let be the inverse of Cq, then it holds 

Hence, Eq. (3.6) is reduced to 
MUX,V) = -1- Y: A^^(F,W^)g(«^'^)-M4^^^^ + --- + 4r^))^^^^). (3.7) 

In the following, we would like to investigate MQ{x,n) in detail in case where 
G ~ C, the profinite completion of infinite cyclic group. Let C" be a unique open 
subgroup of C of index n. The polynomial M?,(a;,C'"), (n G N), first appeared in 
[11] in the context of formal group laws Fq{X,Y) = X + Y - qXY, (g e Z). It 
was shown that they have a nice combinatorial description in terms of so called 
aperiodic q-words. Let us recall their definition briefly. First, consider the free 
monoid (Z/gZ x X)* generated by Z/gZ x X. Then, we define a Z/qZ-action on 
(Z/gZ X X)* by letting the generator of (Z/gZ) act as 

((^■1,01), ■ ■ • , {rn, a-n)) ^ {{ri + 1, ai), • ■ • , (r„ + 1, a„)) • 

We call q-words the orbits of this action. Let w denote the q-word with representa- 
tive w. We call a positive integer k a period if there is an element wq in (Z/qZ x X)* 
of length k and n in Z/gZ for 1 < i < \w\/k, such that 

w = {vi ■ Wo) ■ ■ ■ (r|„|/fc • Wo). 

Then aperiodic words are defined as usual. That is, w is aperiodic if it is a word 
whose period equals its length. With this notation, we define 



[w\ = n 

l<i<?i 



for w = ((ri, ai), • • • , (r„, a„)) . Then it can be easily verified that 



Ml{X,Cn = Y,[w], (3.8) 

w 

where the sum is over the equivalence classes of aperiodic (/-words w out of X such 
that the length of w is n. Moreover, if we specialize Xi into 1 for all i, then Eq. 
(3.8) implies that M'i{m,C'^) represents the number of the equivalence classes of 



aperiodic g- words w out of X such that the length of w is equal to n. Use M''[X, n) 
instead of ^^^(X,^"). Eq. (3.7) says that 

A'PiX, n)^-Y, ^^""{n, d) q^^-'p^ (X)^ (3.9) 



dU 
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where iJ.'^{n,d) represents the (C'",C'')-th entry of the matrix More precisely, 



is defined to be 



ifd2|di, 



10 otherwise, 

and fi-^ represents its inverse. Speciahzing Xi into 1 for all i and then replacing m 
by X, Eq. (3.9) is reduced to 

M«(a;,n) :=M?(a;,C'") ^ ii'i(n,d] q'^-'^ x'^. 

d\n 

4. q-DEFORMATION OF NECKLACE RINGS 

In this section, we introduce a g-deformation of Ntq and Ntq. Let q be an 
indeterminate. For a special A-ring A consider the map, 

(pi : A'^'^^^ ^Gh{G,A), x^C«x. 

For the definition of C,q see Eq. (3.4). Note that we are using the column notation. 
It is obvious that if ^ is a Q-algebra, then C^q is invcrtiblc and 

(^')-i(^«(x)+^''(y))=x + y, 

where the addition x + y is defined componentwise. 

Lemma 4.1. Let A be a special X-ring equipped with Q-algebra structure and q an 
indeterminate. For every [U] G 0{G), set 

Pl,:= (^^)-i(^nx).^^(y))([C/]) 

Then is expressed as 

J2 PvMi) ^^^^''Hx(m)) *(^^^Hy([M^])) 

[vuw]^[u] 
for some polynomials Pyy^{q) G Q[9]- 
Proof. For all [Z] e 0{G) we have 

= ^z(G/^)^z(G/W^)9(^^^)-^9(^^^)-^*(^^^nx(m))^(^^^)(y([l^])). 

Thus, the [C/]-th component of /Iq {^q^ ■ QqY^ is given by 

^ [Z])vz{G/V) vz{G/W) q'^V-^)-\iW:Z)-i 

[Z]:<[U] 

(4.1) 

^ Vl/(V:2)(x([y]))vI/(l^^2)(y([Vt/])) 
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Exploting Lemma 3.5 and the property vl/™o\l/" = v]/™"^ (777,^ n G N), we can rewrite 
Eq. (4.1) as 

For [V], [W] ^ [U], set 
Clearly 

[y],[w]r<[c/] 

□ 



Since all the entries of ui, are in Q\q], we can conclude that 



Lemma 4.2. for every [U], [V], [W] G 0{G) satisfying [V], [W] ^ [U], P^,yy{q) is 
a numerical polynomial in q. 

For the explicit form of Py^yiq) refer to Example 7.4. The proof of Lemma 4.2 
will appear in Section 7. Lemma 4.2 has an amusing consequence that it yields a 
functor from the category of special A-rings to the category of commutative rings. 
In particular, when g = 1, it coincides with the functor Nrc mentioned in Section 
2. 



Theorem 4.3. Let q be an integer and G a profinite group. Then there exists a 
unique covariant functor Nr^ from the category of special X-rings to the category 
of commutative rings satisfying the following conditions: 

(1) As a set 

(2) For every special X-ring homomorphism f : A ^ B and every x G NvqIA) 
one has 

iV4(/)(x) = /ox. 

(3) The map, 

(f'l : Nrl(A) ^Gh{G,A), x Cg x, 

is a ring homomorphism. Here, we understand x as a 1 x 0{G) column 
vector. 

Similarly, let us consider the map, 

ipi : A'^^^'^ ^Gh{G,A), x^CgX. 
For the definition of Cq sec Eq. (3.5). If A is a Q-algebra, then is invertible and 

(^^)-i(^«(x)+^«(y))=x + y. 
For every [U] G 0{G), set 

p'Ij:= (^«)-i(^^(x).^'^(y))([t/]). 
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It is not difficult to show that is given by 

P^^(g)x([F])y([iy]) 

[V],IW]:<[U] 

for Py\y{q) appearing in Lemma 4.1. Since Py^r{q)'s arc numerical polynomials 
we can state the following theorem. 

Theorem 4.4. Let q be an integer and G a profinite group. Then there exists a 

q 

unique functor NrQ from the category of commutative rings with identity to the 
category of commutative rings satisfying the following conditions: 

(1) As a set 

(2) For every ring homomorphism f : A B and every x G NrQ{A) one has 

Fr^(/)(x) = /ox. 

(3) The map, 



: Nra -> Gh(G, A), x Cg ^ 



is a ring homomorphism. 

q 

As in the classical case, Nr^ and NrQ will be equivalent on the category of 
binomial rings. 

Example 4.5. Let G be an abelian profinite group. Then the homomorphism 



(pi : Nrl.{A) Gh(G, A) is given by 



and : iVr^(A) Gh(G, A) is given by 



^(G:F)g™'ix(y) 



ueo{G) 



Remark 4.6. Recall that, in case q = 1, Nrci^) is isomorphic to the complete 
Burnside ring rt{G) ([6]). Similarly, we can realize NrQ{'L) in terms of twisted 
Burnside ring (I'^iG). The underlying set of Cl'^{G) is same to Q,{G). Let X and Y 
be almost finite G-sets. Then, from the observation 

it follows that 

[X] ® [Y] = [(z/qz X X)/ + [(z/qz X r)/ ~] 
[X] ® [r] = [(z/qz X X)/ -] • [(z/gZ X y)/ 

where ©, (g) (resp. +, •) are operations in A^rQ(Z) (resp. 51(G)). Extending these 
operations to Vt{G) we obtain a ring. Denote this ring by r2^(G). By construction 
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0'lW],lV] 



5. g-lNDUCTIONS AND RESTRICTIONS ON Nr"^ 

Let G be a profinite group and U an open subgroup of G. In this section we 
introduce two natural transformations 

9-Indg : Nrl ^ iV^, 

g-Resg : Nr^, 

which may be viewed as a g- version of inductions and restrictions at g = 1. For 
the case where q = 1 refer to [13, 14]. We start by reviewing the classical case. 
References are [13, 14, 16]. 

5.1. q-induction. Let ^ be a special A-ring A. Then the classical induction, 

Indg : Nru{A) ^ NraiA), Indg (x) , 

is defined so that the [Ty]-th component of Ind^ (x) ( [VF] ) equals 

lv]eo{u) 

iV] = lW] in 0(G) 

Denoting by the matrix representing Ind^, it is immediate that 

= {"■iw],iv]) [w]i^oiG),[v]eO{U) ' 

where 

'l if [y] = [M^] in ©(G), 
otherwise. 

Example 5.1. If G is abelian, then 

_fl ifV^W, 
1 otherwise. 

In particular, when G ~ C, the operator 

is given by the matrix (aij)- ^^^j where 

{1 if is of the form {nr,n), 
otherwise. 

We now define g-induction 

g-Ind^ : Nrf, Nr% 
in two steps. First We will define induction 

: Gh(C/, •) ^ Gh(G, ■) 

satisfying 

(p o Ind^ — o (p. (5.1) 
Once is defined, we will show that every entry of the matrix representing 

takes its value in Z. Finally, we will define g-Ind^ by the multiplication by this 
matrix. 
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Step 1: 

Assume that A is a Q-algebra. Note that the matrix representing 

(p^^ o Ind^ o (f : Nru — > Nrc 

is given by 

Cduij'U i''imAV])[w]eo{G),[v]&o{U)) ■ 

Let 

{e^v] : [V] G 0{U)} (resp. {s[w] : [W] S 0(G)}) 
be the standard basis of Gh{U,A) (rcsp. Gh(G, A)), that is. 

Here, 6 represents Kroncckcr's dcha. Similarly, wc denote by 
e[w] e NraiA) (resp. e[y] G Nru{A)) 
the inverse image of ip for 

£[1^] (resp. e[v]). 

Lemma 5.2. ([13, page 21]) Let A be a special X-ring and also a Q-algebra. Let U 
be an open subgroup ofG. Then, 



Res^(e[y]) = 



unless [V] ^ [W] in 0{U). 



Lemma 5.3. Let W, U be open subgroups of G and V be an open subgroup of U . 
Consider a coset-space decomposition 

G^lJg^U 

i 

of U in G, where {gi : 1 < ? < (G : U)} is a set of coset representatives. IfW is 
conjugate to V in G, then the number of g^ 's satisfying the conditions, 

(1) 97'Wg, C U 

(2) (h) [gi'Wg,] = [V] m 0{U), 
is given by 

[Ng{V) : Nu{V)]. 

Proof. To begin with, we recall the identity 

[Ng{V)/Nu{V)] = [Ng{V)U/U]. 

By assumption there exists an element t <E G such that W = t~^Vt. For our goal 
it suffices to show that 



(J tg,U = Ng{V)U, 



Oi Wgi ~ V 

which can be easily verified. □ 

In view of Lemma 5.2 and Lemma 5.3 we can establish the following significant 
result. 
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(5.2) 



Theorem 5.4. (cf. [3, Theorem 5.4.10]) Let A be a special X-ring and also a Q- 
algebra. Suppose that U is an open subgroup of G and V an open subgroup of U . 
Then 

lndfj{e^v]) = [NG{V):Nu{V)]e^v]. 
where the first ejyj is in Nru(A) and the second in NrdA). 

Proof. By the Mackey formula, for an open subgroup W oi G 

Res^ o lnd^(e[v]) 

= Ind|^ng(7s-i °R-Gs^ngC/g-i(5)(e[y]) 



WgUCG 

Iiidf^ngC/g-i ° Res^ngj^g-i ig){e[v]) (by Lemma 5.2). 

WgUCG 
[Wng!7g"l]t[V] 



Since the value of ipw on an element induced from a proper open subgroup of W 
is zero, 



ipw (Tics^ o Ind^(e[y])) = ipw 



\ 



Y R'CS^c/ff-i(5)(e[y]) 

E 



WgUQG 
I WCgC/g-1 

\ \gUg~^]y 



[V] 



WgUCG 
g-^WgCU 
[g-lWg] = [V] in O ( [/ ) 

.0 



otherwise. 



^ UNciV) : Nu{V)] if V, 
I otherwise. 

The last equality follows from Lemma 5.3. Hence, we have 

Ind^ie^v]) ^ [Ng{V) : Nu{V)]e[y]. 



Theorem 5.4 implies that (c[i4/]_[y]) is given by 



[NaiV) : NuiV)] if [V] = [W] in 0(G), 
otherwise. 



Now, for an arbitrary special A-ring A, define 

iy§ : Gh{U, A) Gh(G, A) 

by 

X i-^ (c[vi/],[y])x 
for all X G Gh(C/, A). By definition it is straightforward that 

(f o Indfj = lyfj o (p. 



□ 



(5.3) 
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Example 5.5. If G is abelian, then 

\G:U) ilW ^V, 
otherwise. 



Cv,w 



In particular, when G = C, the operator Vr := ly^^ is given by the matrix (aij)^ 
where 

J r if is of the form {nr,n), 
I otherwise. 



Step 2: 

Now, let us define g-induction 



g-Indg : Nr1j{A) Nrl;{A). 



In case where ^ is a Q-algebra, it can be defined by 

It is quite interesting to see that g-induction thus defined coincides with the classical 
one for every open subgroup U of G. We need the following lemma. 



Lemma 5.6. 

(a) For open subgroups W,U of G we have 



Vw{G/U) = [Ng{U) : U] n{W, U) = ^ [Ng{W,) : Nu{W,)], 

lWi]eo(u) 

[Wi] = [W] in 0(G) 

where n(W^U) is the number of G- conjugates of U containing W. 

(b) For open subgroups W,U of G and an open subgroup V of U , we have 

^w{G/V)= [Ng{W,):Nu{W,)]<pwAU/V). 

[Wi]eO(U) 
[»-;] = [»-] in 0(G) 

Proof, (a) In fact the first equality is well-known in case G is finite (for example, 
see [4] ) , and it is easy to check that it is also true in case G is an arbitrary profinite 
group. In detail, let {gi I < i < [G : U)} be a complete set of left coset 
representatives of U in G. Then ip-w[G /U) is the number of g^'s satisfying 

W C g^Ugi\ 

Note that g, e gjNciU) if and only if giUg^^ = QjUgJ^- Hence, [Ng{U) : U]- 
number of gi's yields one G-conjugate. From this observation the first equality 
follows. 

The second equality follows from (5.3). By definition of the induction map and 
(fw we have 

(p o Ind^(e[,7]) = (pw{G/U). 
On the other hand, (5.3) yields that 

[»-jeo(c/) 

[Wi] = [W] in 0(G) 

So we are done. 

(b) can be proved in the exactly same way as in (a). □ 



q-DEFORMATION OF WITT-BURNSIDE RINGS 



19 



Theorem 5.7. Let A be a special X-ring equipped with Q-algebra structure. Then, 

q-lnd'f} — Ind^ 
for every open subgroup U of G we have 
Proof. It suffices to show 

^« o Indg(£[y]) o ip'^ieiv]) 

for every [V] £ 0{U). Note that for [W] G 0{G) 

J2 [NciW,) : Nu{W^)]ipwAU/V)q'-''--^'^-^ (by Lemma 5.6) 

lWi]eo(u) 

lWi] = [W] in 0(G) 

So we are done. □ 

Theorem 5.7 enables us to generalize 5- induction for arbitrary special A-rings in 
the obvious way. More precisely, 

g-Indg : NrliA) ^ Nr^^{A), x ^ x, 

where ijj is the matrix representing Ind^. By definition it is obvious that 

(^"^ o q-lndfj = 1^^ 01^1. 

Similarly, if we define 

9-Indg : Nrl ^ Nr^ 
by the multiplication by then 

og-Ind^ = oipi. 

5.2. q-restriction. In this section, we investigate how to define g-restriction. In 
contrast with g-induction, g-restriction depends on q. First, we recall the classical 
case, i.e., the case where q = 1. References are [13, 14]. Given a special A-ring A, 
restriction, 

Kcsfj : NrG{A) ^ Nru {A), x Rcsg(x), 
is defined by the assignment 

Resg(x)([W^]) = E ^(^^^^^■^■^"(xCiy])). 

[V](iO(G) [Z(g,Uy)] = [W] 

Here, g ranges over the set of representatives of t/-orbits of G/V and Z{g,U,V) 
stands for U fl gVg~^. Also, restriction on ghost rings is defined as follows: 

■.Gh{G,A) ^Gh{U,A), x i?g • x, 

where represents the 0{U) x 0{G) matrix given by 

ihv],lW]) [v]GOiG),lW]£0{U) 

with 

'1 if [M^] = [V^] in ©(G), 



b[vuw] 



otherwise. 
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Lemma 5.8. ([13]) For any special X-ring A, 

Example 5.9. In case where G is abelian, i?^ is given by the matrix {bv,w)y^ 
with 

' 1 liV ^W, 
otherwise. 



bv,w — 
In particular, if G = C", 



X — > i?rX, 

where Rr{-= ) is given by the matrix jgp^ with 

{1 if is of the form {n,nr), 

otherwise. 

Let us first assume that ^ is a Q-algebra. Set 

Lemma 5.10. Let A be a special X-ring equipped with Q-algebra structure. For 
any two open subgroups U, V of G, the composite map 

g-Resg o Indy : 7Vr^(A) ^ Nr^iA) 

is given by 

g-ResgoInd^= ^ Ind^^ngyg-i °9-Re4ngVg-i(5)- (5-4) 

UgV<ZG 

Proof. The left-hand side of Eq. (5.4) equals 



g-Resg o Ind^ = (<^'')"^ o o Cp'i o Ind 



and the right-hand side of Eq. (5.4) equals 

UgVCG 

= O ((^«)~^ O J'ungVg-l (g) ^ 

UgVCG 

= m-'0V^^^y^_,0:F^^^y^_,{g)0^'^. 

UgVCG 

Thus, for our purpose, it suffices to show that 

^U ^ ^UngVg-^ ° ^UngVg-^ (s)- 

UgVCG 

This identity is also equivalent to 

Resg o Ind^ = Y Ind[^nsyg-i ° ^^^^ungVg-^ (s)- 

UgVCG 

which follows from [13]. □ 



q-DEFORMATION OF WITT-BURNSIDE RINGS 21 

Consider the matrix representing the map (j-Res^ 

f^u^uCu id'lv],[w]{q))lv]eoiu),lw]eoiG))- 
By direct computation we obtain that 

' Qv,w{q)-^^'^-^'> if [W] ^ [V] in 0(G), 
otherwise, 



d[v],iw]{<l) 
where 



QvM'i)= E ^^Uin[S])^s{G/w)q^'^■■'^-\ (5.5) 

[s]eo(u) 
[w]:<is] in o(G) 

[S]^[V] in 0(U) 

Theorem 5.11. Let A be a special X-ring with Q-algebra structure. Then, Qv.wil) 
is a numerical polynomial in q for every [V] € 0{U) and every \W] G 0{G). 

The proof of Theorem 5.11 will appear in Section 7.2. As a direct consequence of 
Theorem 5.11 we will extend g-restriction to arbitrary special A-ring in the obvious 
way. More precisely, given a special A-ring A, we define 

(7-Resg : Nr%{A) -> iVr«,(A) 

by 

(d[V],[lV](Q))(x). 

By definition it is obvious that 

og-Rcsg = Tg o(pi. 

Similarly, if we define 

q-Res^ : Nr]. ^t/ 
by the multiplication by the matrix 

{Qv,w{q))yv\(iO{U),[W\(iO[G) ' 

then 

(p« oq-Res^ = TIj o(pi. 

6. g-DEFORMATION OF WiTT-BURNSIDE RINGS 



In this section, we construct a g-deformation of the Witt-Burnside ring of a 
profinite group, where q ranges over the set of integers. Let G be a profinite group. 
Put 

^ = Q[x([;7]),y([;7]) : [U] e 0{G)], 
where x([[/]), y([[/]) are indeterminates. Consider the map 
$9 : ^O(G) ^ Gh(G,A), 

x^ I E ^u{G/v)q^^-^^''^mr--^^ 

For every [[/] £ 0{G) we let 

($'')-i($'^(x) + $'^(y))([t/]) 

and 

P[C/] ($'')-i(<i>«(x).$'^(y))([t/]). 
With this notation we have 
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Lemma 6.1. Let U be an open subgroup of G. Under the above hypothesis, we 
have 

S[c;],P[c,] eZ[x([F]),y([y]) : [V] < [U]]. 
Furthermore, given x G A^^'^\ there exists a unique tx such that 

..([[/]) eZ[x([y]): [V]<m 

and 

= 5[^](x([y]),.x(m) : [V] ^ [U]). 

Example 6.2. Let G be an abelian profinite group and U an open subgroup 
of G with {G : U) — p, where p is a prime. Clearly Sq ~ x(G') + y(G) and 
PG = x(G)y(G). Thus, 

= x(t/) +y(C/) - (^)x(G)^y(Gf-^ 

^ Q"" Hq" '-^) x(G)Py(G)P + gP-i(x(G)Py([/)+x(G)y(Gr)+px(t/)y(L/). 

The proof of Lemma 6.1 will appear in Section 7. In view of Lemma 6.1 one 
can derive a functor from the category of commutative rings with identity to the 
category of commutative rings. 

Theorem 6.3. Let q be an integer and G be a profinite group. Then there exists a 
unique covariant functor Wg, from the category of commutative rings with identity 
into the category of commutative rings satisfying the following conditions: 

(1) As a set 

W^(A) = A^(^). 

(2) For every ring homomorphism f : A ^ B and every a £ Wq{A) one has 

WS(/)(a) = /oa. 

(3) The map, 

: W^(^) ^ Gh(G,yl), 

a^l ^uiG/V)q^''--^^-'am)^^--''^ 

\[G]:<[V]:<IU] 

is a ring homomorphism. 
From the third condition it follows that 

= i$(ga) ifg^O. (6.1) 

Here, qa denotes the vector whose [C/]-th component is qa{[U]). This identity 
remains effective even when q = since 

Hqa){[U]) 

is divided by q for every [U] G 0{G). 
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Example 6.4. If G is abelian, then : W%{A) -> Gh(G,yl) is given by 

x^ I ^(G:l^)g(^^^)-ix(F)(^^^) 
\u<zv 

In particular, if G = C, then : W^(A) ^ A is given by 

\d\n 

Denote by D(G) the set {{Ng{U) : U) : [U] £ 0(G)} and by the commutative 
ring 

^ e 0(G) 



z 



_{Ng{U) : U) 
It is not difficult to show the following fact. 



(6.2) 



Lemma 6.5. Let G be a profinite group. Then we have the following characteri- 
zations. 

(a) is injective -i^ (PqIA) is injective <=^ A has no {{Ng{U) : U) : [U] £ 

OiG)} -torsion. 

(6) $q(j4) is surjective -i^ (PqIA) is surjective <^ is bijective ip^lA) 

is bijective <^ A is a Zq -algebra. 

In the classical case we have constructed an isomorphism 

T : Wg{A) NraiA), 

called Teichmiiller map, for every special A-ring A ([13, 16]). In the following, we 
will introduce its g-deformation 

t" : W^(A) ^iV4(A). 

To do this, let us first define g-exponential maps 

r^:A^NrUA). 

Given an element r G A, write it as a sum of one-dimensional elements, say ri + 
r2 + ■ • • + Then, from Eq. (3.6) we have 

A/^({ri,r2,--- ,r„},y)= ^ W^) 9'^^^^"' ^^^^^H^^'^^''^)- (6-3) 

[wuiv] 

for every open subgroup V of G. Set 

A/«(r,^)=M«({ri,r2,-- - ,r™},y). 

From Eq. (6.3) it follows that it is well-defined, that is, it does not depend on the 
choice of decompositions of r into one-dimensional elements. 

Lemma 6.6. Let A be a special X-ring. Then, for every r G A, AlQ{r, V) G A. 

Proof. By definition A/g,(r, 1^) is a symmetric polynomial in r^'s. Hence, it is an 
integral polynomial in A'^(r), 1 <k < (G :V), which is well known in the context 
of symmetric functions. Since A'^(r) G A for all r G A and fc > 1, we have the 
desired result. □ 
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Set 

for all [V] S 0{G). Lemma 6.6 implies that T^{r) is an element of Nt'q^A) for all 
r & A. Moreover, 

o T^{r){[V]) = qiG--V)-i^{G:V) 4) 

since (p'^ represents the multiplication by ('g. (see Theorem 4.3). Using g-Ind^ and 
for all \U] E 0{G) simultaneously, we construct a g-analog of Teichmiillcr map 
as follows: 

r«:W^(A)^7V4(A), 

a- ^ Indgor,^ («([[/])). 

[(7]GO(G) 

We claim that = (^"J o r"?. In proving this argument, the following proposition 
plays a crucial role. 

Proposition 6.7. Let A be a special X-ring with Q-algebra structure. Then, for 
every [U] G 0{G) and r G A, the identity 

g-Resg(rf(r))=r,^(g(«^^)-V(«^^)) (6.5) 

holds. 

Proof. From Eq. (6.4) and the definition of Tfj (see Section 5.2), the [W^]-th 
component of J-^J o (p'^ o (r) is given by 

(q{G:V)-l^{G:V) if ^ [y^ Q^Q^^ 

1 otherwise, 
for aU [W] G 0{G). Hence, 
g-Resg {r^{r)){[W]) 
^m-'oT^ocp^ {T^ir))i[W]) 

= Y: f.Um,[Z]) q^^-'^-'¥^-^\r^^-'^) 

[U]^IZ]:<[W] 

iU:Z) 



^{G:U)-1)^{G:U) 



= J2 l^UmAZ]) q^''-'^-'^^'-'''^ ({q' 

lU]d:lZUlW] ^ 

This completes the proof. □ 

Theorem 6.8. t'' is bijective for every special X-ring A. 

Proof. For a,/? G Wq(A) we assume that 

Indgor,^(a([C/]))= ^ Indg o r,^ (/?([[/])). 
[c/]eo(G) [(7]eO(G) 

Then, for every [U] G 0(G), 



^ M^ia{[V]),U) 



[vleo(G) 
[c/]eocv) 



^ M^(/3([y]),C/) 

[v]eo(G) 
\[t/)eo(v) / 



(6.6) 
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It is clear that if = G, then a{[G]) = /3([G]). Now assume that a{[V]) = I3{[V]) 
for all V such that {G : V) < {G : U). From (6.6) it follows that a{[U]) = (i{[U]). 
Thus, a = (3, and which implies the injcctivcncss of r'^. 

Next, we will show that is surjcctive. For any a G iVr^(yl) we would like to 
find an clement x G Wq(A) satisfying 



^ M^(x([F]),[/) 



\ [c/]eo(v) 



a([^]) 



(6.7) 



for every [[/] G C(G). If C/ = G, then x([G]) = a([G]). Let us use mathematical 
induction on the index. Assume that we have foimd x([y]) for all \V] G 0{G) such 
that {G :V) <{G -.U). Setting 



x([[/]) ^ a([L/] 



^ A4(x([F]),C/) 



[vleo(G), [v]^[[/] 
[t/]eo(v) 



we have 



5] M^(x([F]),[/) 



1 [v]eo{G) 
\ [u]eo(v) 



= a([C/]) 



since My^(x([J7]), ?7) = x([C/]). In this way we can find x satisfying Eq. (6.7). □ 

If U and V are open subgroups of G and if g G G conjugates U into we can 
induce q- restriction and q-induction q-Kcs(j{g) : Nry{A) — > Nr'^{A) and liiA^{g) : 
Nr1j{A) Nry{A) from the embedding U ^ V. With this notation, we can 
extend some classical facts on q-induction and (/-restriction, which can be proved 
by exploiting the facts in [6, Section 2.11]. 

Proposition 6.9. 

(a) (Frobenius reciprocity) For any two open subgroups U, V of G and x G 
iVr^(A) and y G iVr^(A), one has 

Indg(y) ■ X = Indg(y • <7-Rcsg(x)). 

(b) (Mackey subgroup theorem) For any two open subgroups U, V of G, the 
composite map 

q-Rcsg o Ind^ : iVr«,(A) ^ iVr«,(A) 

is given by 



g-Resg o Ind^ ^ ^ Ind 

UgVQG 



U 

UngVg- 



o q-Res, 



V 

UngVg 



(c) For any two open subgroups [/, V of G, 



iflj o Ind' 



ifiljoq-Res^ig). 

gVe(G/V)v 



(6.9) 
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Proof. The proofs can be done with small modification of those of [6, Section 
2.11]. So we will prove only (c). Note that Lpfj = (p^ o g-Res^ since 

(^«yog-Resg(x)=.F^o^''(x) ([[/]) 

= ^«(x) ([[/]) (bydefof.^^). 

Furthermore ip\j o Ind^p^yg-i = milcss U ~ U D gVg^^, equivalently, 

gV G {G/Vf. 

Applying these two facts to Eq. (6.8) yields the desired result. □ 



Theorem 6.10. The following diagram 
WUA) — 



Nrl{A) 




is commutative. 
Proof. For r ^ A, 



Gh(G, A) 



f>1j{q-Res^{g){T^{r)) by (6.9) 

gVe{G/V)" 

E {r!^ (g(^^^)-V(^^^))) by (6.5) 

gVe{G/V)V 



□ 



-;{A) NrUA) IS a 



Therefore, the additivity of (p justifies our assertion. 

Theorem 6.11. For every special X-ring A, the map t'' : v»g 
ring isomorphism. 

Proof. We have already proved the bijectiveness of (f in Theorem 6.8. In order 
to show that is a ring homomorphism let A = Q[x([J7]), y([?7]) : [U] G 0(G)]. 
Consider 

r'(x + y) -T''(x)+r'(y). (6.10) 

We claim that the above identity is universale the sense that, for every [[/] £ 0{G), 
the [f/]-th component of both sides equals as a polynomial with integral coefficients. 
More precisely, Eq. (6.10) gives rise to the equality 

E MUi^ + y)i[V]),U)= J2 {MU^m),U) + Ml,{yi[V]),U)) (6.11) 

[V]eOiG) [V]i=0{G) 

for every [U] E 0{G). First, note that 

Af^(x([y]),c/), [v],[u]eOiG), 

is a polynomial in A"(x([y])),n > 1 with integral coefficients. Here, A" represents 
the n-th A-operation. Second, observe that 

(x + y)([V^]), {^■y){[V])eZ[^i[W])M{W]) : [W] ^ [V]]. 
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(see Lemma 6.1) Putting these two facts together, we can say that 

M^((x + y)([l/]),C/), M«((x.y)([l-]),C/) 

are also polynomials in variables A"(x([V^])), A" (y ([!/])), n > 1, with integral co- 
efficients. Consequently, we can conclude that Eq. (6.11) is an identity between 
polynomials in A"(x([F])), A"(y([F])), n > l,[V] ^ [U]. Obviously this identity 
makes sense for arbitrary special A-rings. In the same way as above we can show 
that 

T«(x + y)=r''(x)+T«(y) 
holds for arbitrary special A-rings. So we are done. □ 

Corollary 6.12. Let A be a special X-ring equipped with Q-algebra structure. Then, 
for every x,y & A, we have 

Proof. Denote by the vector determined by the condition eG([M^]) = 
For every x,y G A, 

{q {T^ix)-T^{y)))=q'f\x6G)^^ySG) 
= -^{q^ xySc) 
= <i>'^{qxy Sg) 
= [r^iqxy)) . 

The desired result follows from the injectiveness oi ip'' . □ 

The next corollary is almost straightforward. 

Corollary 6.13. Let A be a special X-ring equipped with Q-algebra structure. Then, 
as a ring, 

isomorphic isomorphic ^ — ^ n 

WUA) = Nr%{A) - Nrl{A). 

Finally, we will define natural transformations w^, on by the transport 
of q-inductions and ^-restrictions via the map t'' . First, in case A = 'L we define 

-.^ (t«)-i oindg or", 

fy.^ (r*)-iog-Resgor«. 

Theorem 6.14. Let A = Z. Then for every [U] G 0{G), vfj and fij are well- 
defined. 

Proof. For a G Wg(Z) one has 
g-Resg(T''(a)) 

= J2 9-Rcsg.Ind^(rJ^(a([y]))) 
lv]eo{G) 

= ^ Ind^ngVg-i • 9-R.es^ngV'G-i(.9)K^(a([l^]))) 

[V]eO{G) UgVQG 

- Indgn.v,-.(r,^'^^^^"\a([F])(^^^"^^«"^))). 

[V]GOiG) UgVCG 
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Hence, it follows from Lemma 7.7 that for any open subgroup W oi U 
(r9)-iog-Rcsgor«(a)([M^]) 

where C(w?.vki Wk-i i) ^ polynomial with integral coefficients (For complete 
information refer to Lemma 7.7). Similarly, one can show (T«)-ioIndgor9(a)([W^]) 
is a polynomial with integral coefficients in those Q!([y])'s, where V ranges over the 
set of open subgroups of U to which W is sub-conjugate in G. □ 

For an arbitrary commutative ring A, let us define restriction : 'Wq(A) 
WIj{A) using the polynomials appearing in Eq. (6.12). This will give us a natural 
transformation : Wq — > satisfying 

r«o/,9, = g-Resgor«. 



r''oi;« = Indoor'. 



Similarly, one can define a natural transformation vfj : W?r —>■ Wq such that 



7. Lenart's conjecture and proof of lemmas and theorems 

7.1. Lenart's conjecture. In [11, page 731]) Lenart proposed a conjecture on q- 
rcstriction defined on Nr'^{A) in case where G = C (see Section 4). It can be 
stated as follows. 

Conjecture: 

Set 

and 

d\n 

Then the n-th component of {M'^{x,n)n>i) is given by 
Y,Qr,nAq)MHx\d) {mQ[x,q]), 

d\n 

where Qr,n.d{<l) G Q[g] are numerical polynomials. 
Proof. Eq. (6.5) implies that 

If r = 1, there is nothing to prove since ff is the identity map. For r > 2 

M''{q'-\'')=M^{q-q'-^ -x') 

= qiM^iq'-^) ■ M'^ix'^)), 
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where the last equahty foUows from Corollary 6.12 or [11, Proposition 5.15]. Since 

• Af'?(a;'')) (n) 
= q (^,J)i^^(g)M«(<^'-^^)Af'(x^J) 



we obtain 



\li,d]\n 

But, it was shown in [11] that P^^{q) is a numerical polynomial. And M''{q^~'^,i) 
is also a numerical polynomial in view of Theorem 3.6. Thus, we can conclude that 
Qr,n.d{Q) a-re numerical polynomials. □ 

7.2. Proof of Theorem 5.11. Recall that the matrix representing q-Rcs^ is given 

by 

' Qv,w(.q)'i>^'^-^'^ if [W] ^ [V] in 0(G), 
otherwise, 



d[v],[w]{q) 
where 



{vMq)= E fihmdS])vs{G/W)q^'^--'^^-' 



[s]eo(c/) 

[W]i[S] in 0(G) 
[S]^[V] in 0(U) 



Refer to Section 5. It is straightforward that Qv.w{q) is given by 

(Z-Resg(£[H/])([F]), 
where S[w] represents the vector determined by the condition 

e[w]{[W']) = S[w]^[W']- (7.1) 
By Theorem 6.8 we can write e[vi/] as 

Y IndgorJ^(a([F])) 
[c/]eO(G) 

for some a G A. Now, from 

W?j(Z) = 7V4(Z), 

it follows that a{[V]) G Z for all [V] G 0(0). Then, by Proposition 6.9 (b), 

g-Resgol J2 Ind^orJ^(a([F])) 

\[v]eO{G) 

= E E Ind^ngys-i o9-Res^nsys-i(.9) (T-g^(a([V']))) 

UgVCG [V]eO{G) 
C/gVCG [V]eC)(G) 
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The last equality follows from Eq. (6.5). Finally, our assertion follows from the 
fact that Mq[x, V) is a numerical polynomial for every open subgroup of G. □ 

7.3. Proof of Lemma 4.2. 

Lemma 7.1. Let n E Z>o and q E Z. Write 

where pi's are primes, ai,bi > 0, and {n' ,pi) = {q',pi) = {n',q') = 1 for all i. 
Then, divides ^l'^ for all 1 < i < r and for all d dividing n. 

Proof. Write d = pl^ ■ ■ ■p'p'd' where [pi, d') = 1 for all 1 < i < r. Then 

divides ^q''. But since ai — Ci + bipl^ > Ui + bi for all 1 < i < r, we get the desired 

result. □ 

Lemma 7.2. Let q he a non-zero integer. For an open subgroup V of G let 



M%{x,V):= l^'hmAW])q 



{G:W)~1 ^{G:W) 



[W\<[V\ 



If X ~ for some positive integer m, then — Mq{x, V) is a numerical polynomial 
in q. 

Proof. In view of Lemma 3.3 and Theorem 3.6 we have 

[W]<[V] 

equivalently 

Vv{G/V)M^a{r, V) - g"^^^'') - E Vv{G/W) g^'^^^) -M^^{q^, W). 

(7.2) 

Note that M^{q^"', G) = q™. Hence, we can use an induction on the index {G : V). 
Assume that our assertion holds for all VF's satisfying (G : W) > {G : V). Write 

^v{G/V)^p1^---p-,^a' 

q = Pi ■■■Pr q J 

where piS are primes, ai,bi > 0, and {a',q') = 1. Clearly q' \ MQ{q"'- ,V) since q 
divides the right hand side of Eq. (7.2). Recall that Corollary 5.6 implies that 

lVi] = lV] in 0(G) 

Since [NaiV^) : Nw{V^)]\ipv{G/V) and {W : V) > [NwiV,) : Vi] we can obtain 
the desired result by applying Lemma 7.1. □ 

Lemma 7.3. For every [V], [W] G C(G) and for every a,/3 £ Z one has the q- 
modifled Mackey formula 

g(Ind^(rJ^(a))-IndS.(Tf (/?))) 

VgWCG ^ ■ ' 

(^q-l(^q{V-.VngWg-^)^{V-.VngWg-^)-^^^iW-.VngWg-^)piW-.VngWg-^)-^'^ . 
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(ind^ir^ia)) ■ (lnd^(rf (/?))) 



Proof, li q — 0, then it is trivial. So we assume that q 0. We show that iff,, 
applied to both sides of the above equation, yields the same number for all open 
subgroups U in G. Observe 

q , 

= q 

= q (^ifiuiG/V) q^V:U)-i^(V:U) . ^^j{^G/W) qiW:U)-i p{W:U)\^ (by Theorem 6.10 (b)) 
= q (fu{G/V X G/W) (q(^^^)-ia(^^^)) {qi^--u)-^[3i^--u))^ 

VgWCG 

X (^q-'^{q^^'-^^3Wg~^)^{V:VngWg'^)-^(^^iW:VngWg-^)-lp{W:VngWg-^)-^y^^'^^^ 



^ Ind^ngWg-^ ° ^(VnsW9-:C/) (^q-l(^giV:VngWg-^)^iV:VngWg-^)^ 



VgWCG 

(^qiW:VngWg~^) piW:VngWg'^) 



□ 



Main Proof. In case where g = 0, our statement will be trivial since i^" is the 
identity map. Therefore, we assume that q is not zero. In view of Lemma 4.1 we 
obtain that for every [V] G 0{G) 



otherwise. 



(see Eq. (7.1)). Note that 

t''{^[v]) = S[v] and r'i{e[w]) = ^[w], 

which can be shown by comparing the image of each side for (p. Eq. (7.3) implies 
that if [V], [W] < [U], then 



Pv,w{q) 

= - l^^VngWg--r^''''^0-" (^q(V:VngWg'-)HW:VngWg--)-l\^ ^^jj^y 



(7.4) 



^ VgWCG 



From Lemma 7.2 it follows that Pyy^^iq) is a numerical polynomial in q. □ 
Example 7.4. If G is abelian. then 



P^M'i) -\^G:V + W)M^^^ ^qiV:Vnw)MW:Vnw)-i^ 
If G = C* and i,j \ n, then 
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Remark 7.5. For all [U], [V], [W]'s satisfying [V], [W] ^ [U], P^^wi^l) can also be 
computed recursively via the following formula: 

iv],iwuiz]:<iu] 

Indeed, this identity follows from the fact that ip'^ is a ring homomorphism. In 
particular, if ?7 = Z{g, V, W), then 

P^Ml) - (^^(^) . ^ f u{G/VWu{G/W)q^^-^^^^^-^^-'. 

7.4. Proof of Theorem 6.1. 

Lemma 7.6. (cf. [6, Lemma (3.2.2)]) With the notation in [6, Lemma (3.2.2)], we 

obtain that for any a, /? G i? 

T^ia + P)^ E lnd'i}^{T!/-{q-\q'-a'--q'<^--f3'^--))). (7.5) 

G-AeG\U.{G) 

Proof. First we assume that R is torsion-free. For every open subgroup U of G, if 
we take (ffj on the right side of Eq.(7.5), one has 

I I^^dg^ i^^" {q-\q'-a^- ■ q^^'-(}^<^'-))) 

\G-A<^G\iX(G) 

Y (Pu{G/Ua) q^^'^--^^-^ {q-^{q'-^a''^ ■ q^o-A p^G-A'^^(UA■.U) Theorem 6.10 (b) ) 

G-AeG\U(G) 

"<Ua 

AeU(G), U<Ua 
^q«(G/C/)-l(^ + ^)B(G/C/) 

= ^^(rf(a + /3)). 

Since (flj is injective, we have the desired result. In case R is not torsion-free, (flj 
is no longer injective. However we note that the U-th component appearing in Eq. 
(7.5) is an integral polynomial in A'^(ay)'s and A'(/3iy)'s for 1 < fc, ^ < [G : U] and 
U ^V,W ^ G for an arbitrary open subgroup U of G. This implies that Eq. (7.5) 
holds regardless of torsion. □ 

Lemma 7.7. (cf. [6, Lemma (3.2.5)]) For some k G N let Vi,--- ,Vk ^ G 
be a sequence of open subgroups of G. Then for every open subgroups U ^ G 
and every sequence ei,--- , Efc G {il} there exists a unique polynomial ~ 

^{u'^Vi.- .Vk;eu- ,ek) =^a(^i''" ' ^fc) ,Xk] such that for allai,--- ,ak £ 

Z one has 

k 

(r^)-i(^£. . Ind^^(T,^' («,))([/)= C^(ai, •■• ,a.). 

4=1 

Proof. The proof can be done in the exactly same way of that of Lemma (3.2.5) 
[6] . Without loss of generality one may assume 

k 

i=l 
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If £i = £2 = ■ ■ ■ = £k = 1 and if Vi is not conjugate to Vj for i ^ j, then 

X;tie*lnd^.(^g^"("0) ^"^(a) for a G W^(Z) with [V] = [Vj] and a{[V]) = 
if V is not conjugate to either of the Vi, - ■ ■ , Vk- So in this case we are done : 
^^(ai, • • ■ , ckfc) equals a^^/j. Hence, we may use triple induction, first with respect 
to 

mi = mi{U;vi, ■■ ■ , T4;ei, ■ • ■ ,£k) max((Vj : ?/) | = -1 
or there exists some j ^ i with Vj ^ Vi), 
then with respect to 

m2 ■■= 'i{i\{Vi : U) = toi and = -1}, 

and then with respect to 

"^3 '■— 'i{i\iVi '■ U) = TOi and there exists some j ^ i with Vj ~ T^i}. 

In case where mi = 0, the induction hypothesis holds in view of the above remark. 
In case where mi > 0, we have either m2 > or 7713 > 0. In case TO2 > 0, say 
(Vi : U) = mi and ei = —1, we may use Eq. (7.6) with G ~ Vi,a = — ai, f3 = +a 
to conclude that 

0= I<i,«^((-ir^'Z^^^^^^^-^«r^^^^^)). (7.6) 

Vi-A&Vi\il{Vi) 

Therefore, considering the two special summands A = 9 and A = Vi and putting 
ilo(Vi) {A e il{Vi) : A^d) and A^Vi}, one gets 

Vi-AeVi\iXo{Vi) 

Hence, if Ak+i, Ak+2r ■ ■ j^fe' G iio(^i) denote representatives of the Vi-orbits 
Vi - ^ CHo(yi) with 

U sc: 14+1 := C/a,+i, Vk+2 := C/a,+,, • • • , Ffe. := C7a„ ^ Vi 

and if we put Sk+i ~ ■ ■ ■ = £k' := 1 and 

then we have 

= ,V,,;l,e2,- ' ' ' ' "fe'), 

so the result follows by induction. 

Similarly, if 7712 = 0, but 7773 > 0, say Vi ~ V2, then we may use Eq. (7.6) once 
more with G ~ Vi, a ~ ai, and f3 ~ a2 to conclude that 

T^^{ai + 012) 
Vi-AeVi\u(Vi) 

= rf-(ai) + r!/^{a2) + ^ lndZir^Hq^™-'a{^ aT^-^)). 

Vi-A6Vi\lio(Vi) 

So with 14+1, • • • , Vk' as above, but Sk+i = • • • = e/c' = — 1 and 
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we get 

^a(C/;Vi,..,V,;ei,e.,...,eo(°^l'"2'--- > «fe) 

So again our result follows by induction since A G ilo(V^i) implies that Ua ^Vi- O 

Main Proof. First, let us consider the equation 

$«(x) = $«(a) + $«(/3). 
Applying the identity (6.1) yields that 

$9(s9) = + i$(q/3) ( in Gh(G, Z)) 

= i$(ga + q/3) (inWG(Z)) 
= Q(ga + 9/3)^ ( in Wg(Z)). 



Thus, we get 



= ~ su{qxv,qyv ■ [V] ^ [C/] ). 



9 

Clearly sfj is a polynomial in Z [x([y]), y([V^]) : [V^] ^ [[/] ] since sc/ has no constant 
term. Similarly, 

-$«(a) = -i$(ga) 

= i ga) (' — ' means the inverse of + in W(Z)) 

q 

= f-(-9a) 

From this it follows that 

i.'(u]^^Hu]ii-q^)m) : [V]^[U]). 

Clearly it has integer coefficients since L[ij] has integer coefficients and no constant 
term. 

To compute we use Eq. (7.3). First we choose a system Si,S2,--- ,Sh of 
representatives of the G-orbits in 

S:^ U G/V^xG/Vj. 

l<i.j<k 

Next, we put Wr G^^ and 

a/ \ (Vi:Wr)-l {Vi'-W,.) (y.:W)_i {Vj-.Wr} 

in case Sr = {grVi, g'j.Vj) £ G/Vi x G/Vj C S. Using these conventions and Eq. 
(7.3), we get the equation 

= ^(yVi,-,Wh;i;-;i)(Pi(^^i '^^^f^)'''' 'Phi^V^ ■■■ ,2/vJ)- 
So,p«, isalsoinZ[x([y]),y([y]) : [V] ^ [U]]. □ 



q-DEFORMATION OF WITT-BURNSIDE RINGS 



35 



8. Classification up to strict natural isomorphism 

In this section, wc assume that G is an abehan profinite group. The aim of 
this section is to classify up to strict natural isomorphism as q ranges over the 
set of integers. To begin with, we introduce prerequisites. Given an integer q, we 
denote by D{q) the set of divisors of (7, and by DP'^{q) the set of prime divisors of 
q, respectively. Conventionally, £'(0) will denote the set of positive integers N, and 
i:)P''(0) the set of all primes in N. 

Definition 8.1. Let q and r be arbitrary integers. 

(a) Given a commutative ring A, Wq{A) is said to be strictly-isomorphic to 
Wq{A) if there exists a ring isomorphism, say : Wq^A) Wq^A), satisfying 
4>Q = (f>Q ° • ^^"^^ case, is called a strict-isomorphism. 

(b) Wq is said to be strictly-isomorphic to Wq if there exists a natural isomor- 
phism, say : Wq — > Wq, satisfying $q = $q ° '''q ■ ^""^ ^^^^ case, is called a 
strict natural isomorphism. 

Denote by DP'{G) the set of prime divisors of each of {{G : U) : U e C(G)}. 
And wc let 

D^'^iq) n DP'{G) = {pi, - ■ ■ ,pk;ci, - ■ ■ ,cs}, 
DP'ir) n D^'iG) ^ {pir ■ ■ ,Pk;di, - ■ ■ ,dt}. 
That is, p,'s are primes in DP'{q) n DP'{r) D DP''{G). 

Tiieorem 8.2. Let A be a commutative ring with identity. And, let q,r be arbi- 
trary integers and G an abelian profinite group. Then, there exists a unique strict- 
isomorphism between WqIA) anrf Wq(^) if and only if A is a : l<i< 
s,l < j < t]-algebra. 

The above result will be proved in the following steps. First, let 

R = mXu : UeOiG)], 
and then consider the set of equations arising from 

More precisely, this set consists of the following identities 



(G : = ^ (G : yy^^^)-!^^^^) 



veo(G) veo(G) 

UCVCG UCVCG 



(8.1) 



for all U G 0{G). Here, X and Y represents the vectors (-'^(7)(7ec>(G) a-^d (^c/) (750(0); 
respectively. Denote by Zg the commutative ring Z - : p ^ DP'^{G) (see Eq. 
(6.2)). 

Lemma 8.3. Let G be an arbitrary profinite group. Then, for every U G 0{G), it 
holds that 



Yu-Xue 



^Zg nz 


'1 1' 






) 




q ' r 





[Xs ■■ U '^^ S CG, and S" e 0{G)] 



Proof. Given U € 0{G) we would like to express Yu as a polynomial in Xy's 
inductively. In view of Eq. (8.1), Yq = Xq- Now, we assume that 

Yv -Xv eZaiXs : V S <Z G, and S G 0{G) ] 



36 



YOUNG- TAK OH 



for all V e 0{G) with U QG. Transform Eq. (8.1) into the form 



Yrj - X,, 



E 

veo(G) 
trg VCG 



{V:U) 



The induction hypothesis immediately implies that 

Yu - Xu €1g[Xs ■■ U^SCG, and 5* e ©(G) ] 
Next, let us show that the coefHcients are in Z 

r are nonzero. Multiply qr/{q,r) to both sides of Eq. (8.1) to obtain the identity 

q 



It follows from the injectiveness of <i>G that 



. Let us first assume that q and 
I. (8.1) to ol 



T q 

{qXu)ufzo(G) = 



{rVi 



U)Ui£0(G)- 



iq,r) — (q,,) 
It is not difficult to show that, for all U G [G], the U-th coordinates of r/{q,r) 
{qYu)ueO(G) and q/{q,r) ■ {qXu)ueO{G) are of the form 
rq 



(9,0 
and 

rq 



Yu+ a polynomial contained in Z [qYs : U CG, and 5' £ 0{G) ] (8.2) 

Xu + a polynomial contained in Z [qXs : U S C G, and 5 e 0(G) ], 

(8.3) 



respectively. Assume that 

Yv -Xy eZ 



1 1 

q ' r 



[Xs ■■ V S CG, and 5 e 0(G) ] 



for all V G C(G) with [/ ^ V C G. Applying the induction hypothesis above to 
Eq. (8.2) and Eq. (8.3) yields 

'1 1" 



Yu^Xuel. 
This completes the proof. 



q r 



[Xs ■■ U ^ S CG, and S" G 0{G)]. 



□ 



Lemma 8.4. Let G be an abelian profinite group. Then, for every open subgroup 
U of G, it holds that 



Yu-Xjj^TL 



-.^ ■■\<i<s,\<3<t 

c, dj 



[Xs ■■ U '^S <ZG, and S G 0{G) ] 



Proof. Let us first assume that q and r are nonzero. Note that Yq = Xq. Now, 
we assume that 

[Xs : V ^ S CG, Siud S e 0{G) ] 

for aU V G 0{G) with U V C G. Since G is abefian, Eq. (8.1) is transformed 
into 

Yu-Xu= J2 





'1 1' 




(^Zg nz 




) 


q ' r 





U^VCG 



iV:U) 
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Note that if a prime p divides {V : U) and q then it cannot be a divisor of the 
denominator of the irreducible fraction of q^^-'^''~^ / {V : U). Also, it cannot be a 
divisor of the denominator of the irreducible fraction of r'^-'^'"^/ (V : U) if it divides 
r. Now, our assertion follows from the induction hypothesis. 

Next, we assume that q is zero and r is nonzero. In this case, Eq. (8.1) is reduced 

to 

veo(G) ^ ' 

Since a prime p dividing {V : U) and r cannot be a divisor of the denominator of the 
irreducible fraction of A^-^'>~'^ /(V : U) we obtain the desired result by induction 
hypothesis. So we are done. □ 

Proof of Theorem 8.2. The "if part follows from Lemma 8.4. For the 
"only if part, let us assume that there exists a unique strict-isomorphism, say 
Tq : Wq{A) Wq{A). Hence, we have $^ = <l>p o . Assume that a prime 
p divides q and (G : U) for some open subgroup U of G, but not r. Consider a 
maximal filtration G = Vi ^ V2 ^ • • • ^ Vfc = J7, where Vi{l < i < k) are open 
subgroups of G such that there is no open subgroup between Vi and Vj+i. Then p 
must divide {Vi : Vi+i) for some 1 < z < A;. Letting 

Vi-th 

(aa)c/eo(G) = t;'(0,0,-- - ,'^,0,0,---), (8.4) 
we can deduce the identity 

„ ^ : V^,)av,^, (8.5) 

by comparing the Vi+i-th component of both sides of Eq. (8.4). We claim that p 
is a unit in A. To see this, transform Eq. (8.5) into 

0-1 ^ „ A^.:^.+i)«V.,.-g^^-^'^-)-^ \ 



Since p and r'^^^'^^+^^ ^ are coprime there are x, y G Z such that 
Therefore, 

1 /^ (T4:F,+i)ay.,,-g(^--^'+^)-i ^ 
— ' "i+w y=l — px=p \ y. 

V p J 

Hence, p + — ''^''''^ — ^ = 1. This justifies our claim. Simi- 
larly, a prime p dividing r and {G : U), but not q, should be a unit. This implies 
that A should be a Z [ ^, ^ : 1 < i < s, 1 < .7 < t]-algebra. □ 

From Theorem 8.2 it is immediate that Wq(Z) is classified up to strict-isomorphism 
by the set of prime divisors of q contained in D^'^{G). Thus, we proved 

Corollary 8.5. Let q vary over the set of integers and G be an abelian pro finite 
group. Then, Wq is classified up to strict natural isomorphism by the set of prime 
divisors of q contained in Z)P''(G). 
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